A grey-based technique for characterizing the rating curve uncertainty due to discharge measurement errors and its effect on flood frequency analysis is here presented. On the basis of river stage and discharge measurements, the grey parameters of the rating curve are estimated by using a grey non-linear regression. Commencing with this grey rating curve and a set of annual maximum stages, we show how the probability distribution (here assumed of EV1 type) of the grey annual maximum discharges can be estimated. The grey EV1 distribution can be estimated through two approaches, the first of which directly exploits the grey discharges corresponding to the annual maximum stages, whereas with the second approach two different sets of extreme (crisp) discharges, and therefore two EV1 distributions of extreme (crisp) values which delimit the grey discharges of a given return period, are obtained by considering the lower and upper limits of the grey parameters of the rating curve. The methodology is illustrated using data pertaining to a gauged section of the River Po (Italy). The results show that the first approach yields a wider grey EV1 distribution with respect to that resulting from the second approach: physical justification of this is given.
INTRODUCTION
Accurate estimation of the peak flood in a given return period in a waterway section is a fundamental requisite when planning hydraulic engineering works, particularly with a view to protecting the surrounding area (Petersen-Øverleir & Reitan ). Estimation of the peak discharge of a given frequency in a particular section is based on the probabilistic treatment of a series of 'observed' values of annual maximum peak discharge. It is important to emphasize that these values are rarely measured directly, but are usually estimated indirectly by means of a rating curve and measured stages. The rating curve used, however, is merely an 'estimate' of the 'real' one, as it is derived from a fairly limited series of measured stages and discharges affected (particularly the latter) by measurement errors (Di Baldassarre & Montanari ). Consequently, the annual maximum discharge values that constitute the starting point for flood frequency analysis are, themselves, affected by uncertainty; this uncertainty is further amplified by the fact that the annual maximum peak discharges are typically out of the range of values used to estimate the rating curve (Petersen-Øverleir & Reitan ).
The uncertainty in estimating these annual maximum peak discharge values affects the estimates of the discharges of a given frequency, adding to the effects of other forms of uncertainty, namely those related to (a) the choice of probability distribution, and (b) the estimation of its parameters. These latter two forms of uncertainty have been the subject of much interest, and have been explored in numerous scientific studies (see, for example, Martins & Stedinger ; Laio et al. , or Maidment , .33 for a general description of uncertainty related to the choice of probability distribution and the estimation of its parameters), whereas less attention has been paid to the former, i.e. that related to the use of data (annual maximum peak discharge values) affected by uncertainty (being taken from a rating curve that is itself uncertain).
Using these considerations as a starting point, this study considers the issue of characterizing uncertainty in the estimation of a rating curve, and how this uncertainty is 'passed on' to extreme discharge frequency analysis.
In particular, the issue of characterizing rating curve uncertainty has been the subject of various studies based on both probabilistic (see, for example, Moyeed In contrast, as previously mentioned, only a few studies have investigated the effect of rating curve uncertainty on frequency analysis of extreme discharges. Among these studies, those by Kuczera (), Petersen-Øverleir & Reitan () and Di Baldassarre et al. () are particularly significant; in particular, in Kuczera () it is assumed that the rating curve is affected by incremental error, which is proportional to the discharge, represented by a random variable featuring lognormal probability distribution of mean equal to 1 and a given variance. Kuczera () demonstrates the significant effect of this error on estimation of the discharge of a given return period. Petersen-Øverleir & Reitan (), on the other hand, investigate the joint effect of sample variability and rating curve error on the estimate of peak discharge of a given return period; to this end, they combined the rating curve and the extreme value probability distribution in a single likelihood function that consents estimation of both the parameters of the extreme value probability distribution and the uncertainty on the discharge value due to sample variability and rating curve error. The Petersen-Øverleir & Reitan () study considers the rating curve represented in the logarithmic plane and the corresponding error is assumed to be a random variable distributed according to a normal with mean 0 and given variance. Finally, Di Baldassarre et al.
() analyse the effect of the different types of rating curve error afflicting the estimation of the peak discharge of a given return period; in particular, they assume that the discharge data error can be represented by a Gaussian random variable with zero mean and standard deviation proportional to the discharge or, according to the results reported by Di Baldassarre & Montanari (), as a combination of two different errors, one represented through a Gaussian random variable and the other through a binary random variable.
In all the above-mentioned studies, however, the rating curve uncertainty, and consequently the effect on extreme discharge frequency analysis, is dealt with using a probabilistic approach. In contrast, this article features a nonprobabilistic approach based on grey numbers (Deng ), which allows characterization not only of the uncertainty afflicting the rating curve, but also the way that this uncertainty affects estimation of the peak discharge of a given frequency (or return period). More precisely, the target of this study is to present a procedure which allows for the 'greyification' of the following steps: (a) set up of a rating curve starting from couples of simultaneous measurements of stage and discharge, (b) definition of the annual maximum discharges from the annual maximum stages by using the rating curve, and (c) mathematical treatment of the annual maximum discharges to estimate the discharge of a given return period. These steps are implicitly performed every time a discharge frequency analysis is developed.
All non-probabilistic approaches, such as grey or fuzzy approaches, are appropriate for modelling uncertainties not originating from randomness but caused by imprecise (or incomplete) knowledge of the system of interest (Jacquin & Shamseldin ) . More precisely, these approaches allow the integration of information of different qualities, and are well suited to situations featuring uncertainty deriving mainly from a lack of detailed understanding of the phenomenon in question, a scarcity of data, or inaccuracies in the available data (Alvisi & Franchini a, b) ; furthermore, they require no assumptions about the characteristics of the error (Shrestha et al. ) and can therefore be easily adapted to allow characterization of the uncertainty linked to the measurement of discharges (Shrestha & Simonovic b) . In our study we opted for the grey approach since, unlike the fuzzy approach, it does not require any arbitrary definition of 'credibility levels' (Dubois & Prade ) and shape since the grey number has no shape whereas a fuzzy number does (Huang et al. ) :
indeed, it simply defines an interval which can be interpreted in a very intuitive way as representative of the uncertainty or imprecision related to the quantity considered.
The following sections contain a description of the method proposed to estimate a grey rating curve, and to use said rating curve, together with a set of annual maximum stage values, to estimate the grey peak discharge of a given return period. The proposed method is also applied to a real-life case study and a discussion of the results and conclusions follows.
THE GREY RATING CURVE
The rating curve defines the relationship between discharge and stage in a given section under stationary conditions, and it is usually represented using a power function (Shrestha et al. ; Herschy ), such as:
where h and Q are the stage and corresponding discharge, respectively, and a and b are parameters estimated using n obs measurements of the stage, h obs,i (where i ¼ 1:n obs ), and corresponding discharge, Q obs,i , via least-square regression (see, for example, Petersen-Øverleir ). However, as previously mentioned, discharge and stage measurements used to estimate the parameters of the rating curve are affected by measurement error, which is a function of the type of instrument and the method used to make the measurement itself.
As regards the discharge, a wide-reaching review of uncertainty affecting its measurement is provided by Pelle- Shrestha & Simonovic (b), on the other hand, starting from the assumption that randomness is not the only source of uncertainty in discharge measurements, as they can also be affected by systematic and human error, as well as subjective evaluation, pointed out that a probabilistic approach could be unsuitable for their treatment; they therefore went on to combine the guidelines in EN ISO  ()
as regards characterization of discharge measurement error with an approach based on fuzzy sets theory.
As regards error in measurement of stage, this is usually far smaller than that affecting discharge measurement In this study we assume that the uncertainty affecting stage measurement is negligible, and, in accordance with observations made by Shrestha & Simonovic (b) , we evaluate the uncertainty affecting discharge values by means of a non-probabilistic approach, defining the following grey number Q ± obs , which represents the discharge measured with uncertainty:
where Δ ± represents the grey uncertainty in the measurement of discharge (Δ ± corresponds to the percentage fractions Δ À and Δ þ , where the central value of the interval is equal to 0) quantifiable through the approach proposed by Shrestha & Simonovic (b) considering the type of instrumentation and method used to perform the measurement of discharge Q obs , as illustrated in the numerical application.
Incidentally, Δ ± may vary with Q obs according to the precision related to all the measurements necessary to estimate a discharge when using, for instance, the velocityarea method (see Herschy ) .
For a definition of grey numbers and considerations on the mathematics used, see Appendix A (available online at http://www.iwaponline.com/jh/015/127.pdf). Here, on the other hand, it is sufficient to understand that a grey number represents a number of unknown value, but falling within an interval of known extremes. In other words, the grey value of the discharge
an 'imprecise' discharge that falls between the known extremes, Q À obs and Q þ obs of the interval within which it can vary, but no information regarding its distribution within this interval is known.
In summary, we assume that the observed stages represent crisp values, while the corresponding discharge values are grey numbers. Based on these assumptions, the parameters of the rating curve of Equation (1) In detail, with reference to Figure 1 , the rating curve parameters are assumed to be grey numbers, that is a ± and b ± , and consequently the rating curve takes on the form:
In particular, the lower extreme of the grey discharge Q À represents the minimum value of discharge that can be obtained for a given stage h using grey parameters a ± and b ± , and can be calculated based on the grey mathematics outlined in Appendix A, i.e. by determining the combination of crisp values a À a j a þ and b À b j b þ that minimize the function (3) for a given value of h. Similarly, Q þ represents the upper extreme. However, due to the fact that the values of the rating curve parameters are typically positive, and therefore the function is monotonically increasing, the lower discharge limit is given by:
and, likewise, the upper discharge limit is given by:
Using the method proposed by Hojati et al. () for linear regression, in this instance for non-linear conditions, estimation of the grey parameters a ± and b ± is performed by searching for the upper and lower limits a À , a þ , b À and b þ of said grey numbers such that:
is minimum, where d L i represents the distance between the lower extreme of the i th observed grey discharge Q À obs,i and the lower extreme of the grey rating curve estimated at stage h i , i.e. (see also Figure 1 ):
and, likewise, d U i represents the distance between the upper extreme of the i th observed grey discharge Q þ obs,i and the upper extreme of the grey rating curve estimated at stage h i , i.e. (see also Figure 1 ):
It is worth emphasizing that Equation (3), once parameterized using the above procedure, can be interpreted in two different ways, according to whether attention is focused on (a) the grey discharge values Q ± , or (b) the grey parameters a ± and b ± , as the stage h is fixed in both cases.
On the one hand (Interpretation (a)), for a given stage h, the grey rating curve (see Equation (3)) yields an imprecise grey discharge Q ± , which takes into account the measurement error of the discharges used to estimate the grey rating curve, and, adopting the definition of a grey number outlined in Appendix A, any value of crisp discharge Q j , where Q À Q j Q þ , is possible. This latter crisp discharge Q j may also be thought of as belonging to an unknown loop rating curve related to the specific flood condition occurring when the measurement was performed. In other words, Interpretation (a) is compatible with the idea that the grey rating curve given by Equation (3) is a sort of envelope of unsteady rating curves where each discharge value is linked to its own measurement error.
On the other hand (Interpretation (b)), also adopting the definition of grey number outlined in Appendix A, reveals that the same grey rating curve parameters a ± and b ± define two grey numbers, in which it is possible to select two crisp parameters, a j and b j , of any value (with a À a j a þ and b À b j b þ ); each pair of crisp parameters selected from the corresponding grey numbers corresponds to a precise crisp steady rating curve. In practice, according to this interpretation, Equation (3) defines a sheaf of curves, each one representative of a different crisp steady rating curve. In particular, the lower limit of this sheaf is a 'lower' steady rating curve, hereinafter referred to as RC l , described by Equation (4), i.e. the steady rating curve derived from crisp parameters represented by the lower limits of the grey parameters a À and b À , and the upper limit is an 'upper' steady rating curve, hereinafter referred to as RC u , described by Equation (5) are obtained. This latter interpretation is thus useful for steady and quasi-steady flow conditions but also when floods occur in a kinematic way.
All previous aspects have effects on the frequency analysis of grey discharge, as explained in the numerical application.
ANALYSIS OF ANNUAL MAXIMUM DISCHARGE VALUES ESTIMATED BY GREY-PARAMETER RATING CURVE
Let us now consider the issue of probabilistic treatment of annual maximum discharge in a given section in order to estimate the (grey) discharge of a given return period, thus taking into account the uncertainty of the discharge values represented by the grey-parameter rating curve. To this end, it is assumed that the maximum stages observed at the section in question over a period of n y years are known, i.e. h max,k , where k ¼ 1:n y . Then, starting from these maximum stages and using the grey rating curve, the grey annual maximum discharges are computed. However, in order to better explain how the frequency analysis of these grey discharges can be performed, a typical frequency analysis based on crisp discharges is initially described. The formulae obtained for the crisp case will then be generalized to the grey case on the basis of the extension principle (Zadeh ) . In this latter case, both Interpretation (a), focussing only on the grey discharges supplied by the grey rating curve at the given annual maximum stages, and Interpretation (b), focussing on the grey parameters a ± and b ± and on the discharge values derived from the corresponding grey rating curve, will be considered.
Crisp treatment of annual maximum discharge
In this case, considering a number of n y values of annual maximum stages, the crisp-parameter rating curve yields n y crisp annual maximum discharge values Q max,k , where k ¼ 1:n y (see Figure 3 (a)). Incidentally, this operation perfectly reflects what is done in practice, where the (steady) rating curve is assumed known (estimated through a least square method applied to simultaneous measurements of crisp stages and discharges). Annual maximum discharge values Q max are assumed here to be distributed according to an EV1 probability distribution F (Gumbel ), i.e.:
The EV1 assumption is not binding for the procedure we are going to present and is made here for its simple structure which makes it easy to perform any mathematical development.
The parameters u and α can be estimated using the method of moments as follows:
μ and σ being the mean and standard deviation of the population, respectively (Benjamin & Cornell ) , which can be estimated, in turn, using the mean m and standard deviation s of the data sample as follows:
Introducing the reduced variate y, determined by:
replacing in (9) and developing further yields:
where T is the return period, we obtain:
and the annual maximum discharge Q max T ð Þ over a given return period T is therefore:
In summary, n y values of crisp annual maximum discharge Q max,k yield one EV1 probability distribution represented, in a Gumbel probability paper, by the straight line described in Equation (15) (see Figure 3 (b)).
Finally, it is useful, for the ends of the following grey treatment, to observe that replacing the expression of the parameters in Equation (15) with those of Equation (10), i.e.:
and replacing the mean μ and standard deviation σ of the population with the mean m and standard deviation s of the data sample of Equation (11), the estimated annual maximum discharge Q max T ð Þ over a given return period T may be expressed as:
Analysis of extreme discharge values estimated using a grey rating curve: Interpretation (a)
Let us now consider the case in which the rating curve parameters are grey numbers. According to Interpretation (a) of the rating curve, explained in The Grey Rating Curve section above, i.e. the attention is focussed on the grey discharge per given stage, n y annual maximum stages from the grey rating curve of Equation (3) yield n y values of grey annual maximum discharge Q ± max,k , where k ¼ 1:n y :
Replacing in Equation (17) the annual maximum discharges Q max,k obtained from the crisp rating curve with the grey annual maximum discharge values Q ± max,k obtained from the grey rating curve yields, according to the extension principle:
In practice, Equation (19) represents a function of n y grey numbers Q ± max,k where k ¼ 1:n y ; according to the definition of grey function provided in Appendix A, the lower limit Replacing the Q ± max,k in Equation (19) with Equation (18) yields:
Equation (20), like Equation (19), provides the estimate of the grey discharge per given return period, and is itself a function of grey numbers, but, unlike Equation (19), which is a function of grey numbers of the discharges Q ± max,k , where k ¼ 1:n y , Equation (20) representative of the grey EV1 distribution has as its lower and upper limits the crisp EV1 l and EV1 u distributions, respectively: EV1 l is the crisp distribution whose parameters are estimated using the annual maximum values of crisp discharge Q max l ;k (where k ¼ 1:n y ) obtained from the lower RC l rating curve (see Equation (4)). EV1 u is the crisp distribution whose parameters are estimated using the annual maximum values of crisp discharge Q maxu;k (where k ¼ 1:n y ) obtained from the upper rating curve RC u (see Equation (5)).
In summary, the grey annual maximum discharge Q ± max T ð Þ of a given return period yielded by the grey EV1 distribution thereby defined has its lower limit as Q À max T ð Þ, obtained using the (crisp) EV1 l distribution, i.e.:
and its upper limit is Q þ max T ð Þ, obtained using the (crisp) EV1 u distribution, i.e.:
CASE STUDY
The procedure for the treatment of the annual maximum discharge values whose uncertainty is characterized by means of a grey rating curve was applied to the Pontelagos- corresponding discharges Q obs,i (Franchini et al. ) .
Annual maximum stages measured between 1990 and 2008 were then used to analyse the extreme values (i.e. the annual maximum peak discharges), giving a total of n y ¼ 19 values. Incidentally, to avoid any misunderstanding, these latter n y ¼ 19 stage values are different from the n obs ¼ 19 stage values used to set up the (grey) rating curve.
The estimate of the grey rating curve parameters at the Pontelagoscuro section featuring uncertainty was performed assuming that the uncertainty concerning stage measurement is negligible, while the uncertainty regarding the discharge is represented by means of Equation (2). The grey uncertainty Δ ± pertaining to the discharge measurement was estimated according to the method proposed by Shrestha & Simonovic (b) , taking into consideration the indications provided in EN ISO  () regarding the quantification, at a given confidence level (e.g. 68 or 95%), of each component of uncertainty that affects discharge measurement by means of the velocity/area method.
In more detail, the grey uncertainty Δ ± pertaining to the discharge measured was evaluated by means of the following expression (see EN ISO  , p. 25):
where δ ± m is the uncertainty in the measurement of mean velocity due to a limited number n m of verticals, δ ± b is the uncertainty in width, δ ± d the uncertainty in depth, δ ± p the uncertainty in the measurement of mean velocity due to a limited number n p of points in the vertical, δ ± c the uncertainty in point velocity measurement due to current-meter rating error, and δ ± e the uncertainty in point velocity measurements due to limited exposure times. For each of these single grey components of uncertainty, the upper/ lower limits are assumed to be equal to þ/À the corresponding value at 95% confidence level, as per EN ISO  () (see Table 1 ), assuming a number of verticals used in gauging n m ¼ 20, a number of points taken in the vertical n p ¼ 5, an average velocity in measuring section above 0.5 m/s and a current meter exposure time of 2 min. Of course these assumptions imply that Δ ± is the same for all the discharges measured: unfortunately we do not have enough information to differentiate between the 19 discharge measurements used to set up the (grey) rating curve. However, this position does not affect the logic of the procedures described in the previous sections. Table 1 (6)) and to solve the uncertainty with respect to parameter b. In fact, the latter tends to collapse at crisp numbers close to 1.595. The reasons behind this phenomenon could be summarized as follows: in the rating curve expressed by Equation (1), parameter a summarizes the dimensions and roughness in the section in question, as well as the slope friction, while parameter b takes into account the shape of the section (Herschy ). In fact, assuming, for example, uniform flow, according to the Manning equation, it follows that:
Considering Equation (23) and the values in
where n man is the Manning resistance coefficient, A the cross-sectional area, R the hydraulic radius and S 0 the bed slope coincident with the friction slope. Assuming, for example, a very wide rectangular section, and approximating therefore the cross-sectional area A by means of B·h (B being the width of the section), and the hydraulic radius R with stage h, yields:
which can be referred to Equation (1) (6) is minimized without such constraints ( Figure 5(a) ), some grey observed discharges are not completely covered by the grey rating curve. These latter discharges may be due to particular measurement conditions/errors or hysteresis effects and thus could be considered as outliers when very far from the grey rating curve; in this case the whole variability is not represented, but overall the grey rating curve well represents the amplitude of the (observed) grey discharges when the stage increases. For this reason, reference to the grey rating curve shown in Figure 5 (a) is made below. In particular, it is worth noting that the grey rating curve shown in Comparison of the two figures immediately reveals a different shape of grey EV1 distribution in case (a) with respect to case (b). In fact, under Interpretation (a), i.e. that focussed on grey discharge values (see also Equation (19)), the distribution at the extreme grey values assumes an hour-glass shape, characterized by an increase in uncertainty for both high and very low values of return period (see Figure 6(a) ). This is due to the fact that, in order to Q ± max corresponding to the lowest of the annual maximum stages observed, and the lower limit of the grey discharge Q ± max corresponding to the greatest of the annual maximum stages observed, and, as previously mentioned, the upper and lower limits of grey discharge Q ± max,k correspond to different crisp rating curves, i.e. those of Equations (4) associated with a specific crisp steady rating curve 'contained' within the grey rating curve (see, for example, Figure 2(b) ). Basically, Interpretation (a) of the grey rating curve, since with a À a a þ and b À b b þ . Figure 7(b) shows, as an example, the 95% confidence bands of the crisp distributions EV1 l and EV1 u , which define the upper and lower limits of the grey probability distribution (see also 6(b)). Each confidence band is here obtained by using the asymptotic estimation of the variance σ 2 of the corresponding maximum discharge Q max (T) of a given return period T as follows (Maidment , pp. 18.31) : 
where α is the scale parameter of the crisp EV1 distribution considered (see Equation (9)) estimated through the method of moments. Since the quantile estimatorQ max T ð Þ(Equation (17)) is asymptotically normally distributed (see for instance, Kottegoda & Rosso ) , it is easy to calculate the 95% confidence band.
The envelope of said bands defines the 95% confidence band of the grey probability distribution, the lower limit of which, with reference to Figure 7(b) , is therefore represented by the grey dashed line, representing the lower limit of the 95% confidence band of EV1 l , and the upper limit of which is the black dashed line, representing the upper limit of the 95% confidence band of EV1 u .
Finally, comparison of the EV1 crisp (Figure 7(a) ) and grey (Figure 7(b) , grey and black dashed lines) confidence bands shows that for a given return period, the band in Figure 7 (b) is characterized by a greater width, which is understandable considering that it corresponds to a grey probability distribution where the uncertainty of parameter estimation and the uncertainty of discharge measurement combine (see Figure 7 (b)).
CONCLUSIONS
This paper presents a non-probabilistic approach, based on the use of grey numbers, for characterizing the uncertainty inherent in a rating curve, which is, in turn, due to the error/uncertainty in measurement of discharge. It is demonstrated herein that this uncertainty has a knock-on effect on estimation of the peak discharge of given return period.
Starting from stage measurement and the corresponding discharge measurement affected by uncertainty, the grey parameters of the rating curve are estimated through a grey regression approach. The approach used allows us to obtain a grey rating curve narrow enough to be of use and wide enough to contain as many (grey) observations as possible, even though some 'outliers' may not be fully included, and thus not all the observed variability may be represented.
Two different ways of reading the grey rating curve have been presented. The former (Interpretation (a)based on the grey nature of the discharge per given stage) enables the grey rating curve to be read as an envelope of loop/ unsteady rating curves while the latter (Interpretation (b)based on the grey nature of the rating curve parameters) enables the rating curve to be read as an envelope of steady rating curves. Adopting these two interpretations leads to two respective estimates of grey annual maximum discharge of given return period. The estimate linked to the former interpretation produces a grey discharge of a given return period whose amplitude is greater than that produced by the latter interpretation. This is due to the fact that Interpretation (a) introduces a source of dispersion (unsteady flow conditions, i.e. loop rating curves) which is not considered by Interpretation (b), with the measurement errors being the same in both cases.
It was also observed, during statistical analysis of the extreme values, that beyond the discharge measurement uncertainty, represented by the grey rating curve, there is also a component of uncertainty linked to estimation of the parameters of the probability distribution EV1 considered, consenting the construction of the corresponding confidence band. The width of this band, for a given return period, is greater than the width that would be yielded by 'conventional' analysis of the extreme crisp discharge values (estimated by means of a crisp rating curve)
as, due to its construction, it also takes into account the uncertainty of discharge measurement.
